Introduction
The goal of this paper is to extend Loday's Leibniz cohomology L,P] from a Lie algebra invariant to an invariant for di erentiable manifolds so that Leibniz cohomology is a noncommutative version of de Rham cohomology. The non-commutativity arises by considering a cochain complex of tensors (from di erential geometry) which are not necessarily skewsymmetric. Leibniz cohomology, HL , is no longer a homotopy invariant|in fact the rst obstruction to the homotopy invariance of HL (R n ) is the universal Godbillon-Vey invariant in dimension 2n + 1. The main calculational result of the paper is then a calculation of HL (R n ) in terms of (i) certain universal invariants of foliations, and (ii) Loday's product structure on HL . Unlike Lie algebra or Gelfand-Fuks cohomology, the Leibniz cohomology of vector elds on R n contains in nite families of elements which support non-trivial products.
x1. Foundations of non-commutative cohomologies
We begin by reviewing Loday's de nition of Leibniz (co)homology L1], L2], L,P]. Let k be a commutative ring and g a k-module together with a bilinear map ; ] : g g ! g.
Then, by de nition, g is a Leibniz algebra if the bracket satis es the \Leibniz identity" (1.1) d : C n (g; N) ! C n+1 (g; N) let (g 1 ; g 2 ; : : :; g n ) denote the element g 1 g 2 : : : g n 2 g n . For f 2 C n (g; N), we have (df)(g 1 ; g 2 ; : : :; g n+1 ) = (1.3) where H Lie is Lie-algebra cohomology. We wish to extend Leibniz cohomology to an invariant for di erentiable manifolds so that in a certain sense HL is a non-commutative version of de Rham cohomology. In particular the non-commutativity arises by considering a cochain complex of tensors (from di erential geometry) which are not necessarily skew-symmetric. Let M be a di erentiable manifold and an n-tensor on M. Then This is the step which yields a graded commutative ring structure on
Recall E. Cartan's global formulation for the exterior derivative of a di erential form in terms of vector elds (see Spivak S, p.289 It must be noted, however, that when using tensors, d! is no longer linear over C 1 functions. The obstruction to C 1 (M)-linearity is precisely the failure of a tensor to be skew-symmetric.
We propose the following de nition. The parenthetical remarks refer to the type of invariants which can be computed by each theory. For the relation between cyclic homology and K-theory, see for example Goodwillie's paper Gw]. In this paper we capture the Godbillon-Vey invariant for foliations via a Leibniz cohomology computation of a certain Lie algebra. In the next remark we observe how a Leibniz algebra arises naturally in V. Ka c's work K] on vertex operator algebras. The Leibniz cohomology groups of this algebra would then provide new invariants of quantum eld theory. 1.11 We now review a construction of Ka c K] concerning vertex algebras, and show that a Lie algebra occuring in K]|formed by a certain quotient|is genuinely a Leibniz (nonLie) algebra if the quotient is not formed. Let U be an associative, but not necessarily commutative algebra, such as End(V ) for a vector space V . Let a(z) be a formal power series in z and z ?1 with coe cients in U, i.e. a(z) is a formal distribution. 
x2. Leibniz Cohomology of Formal Vector Fields
In this section we begin the calculation of HL ( (R n ); R), the Leibniz cohomology of R n with trivial coe cients. These groups are isomorphic to the continuous Leibniz cohomology of formal vector elds W n , which we now describe. Let E be the real vector space with basis n @ @x 1 ; @ @x 2 ; : : : ; @ @x n o ;
and let E 0 = Hom R (E; R) be the dual space with dual basis fx 1 ; x 2 ; : : :; x n g. Then F] Gb]
where S k denotes the k-symmetric power, and W n becomes a Lie algebra with the bracket given by
@P k @x j @ @x k where P i and Q i are formal power series in x 1 ; x 2 ; : : :; x n . Furthermore W n is a topological space in the M-adic topology, where jjx k i jj = c ?k ; i = 1; 2; : : :; n;
for some xed integer c > 1. By HL (W n ) we mean the continuous Leibniz cohomology with coe cients in R. We now de ne a Taylor series map : (R n ) ! W n . For X 2 (R n ), let X = P n i=1 f i e i , where the f i : R n ! R are C 1 functions and the e i are the canonical vector elds on R n (the unit vector elds following the coordinate axes). Then
where J is the multi-index j 1 ; j 2 ; : : :; j n 0. It can be checked that is a continuous homomorphism of Lie algebras. We now turn to the calculation of HL (W n ) in terms of certain universal properties of foliations. Let F be a codimension n, C 1 foliation on a manifold M with trivial normal bundle. Then there is a characteristic map associated to F (W n ) is in terms of the homomorphism var and the product structure on Leibniz cohomology.
Recall that for a Leibniz algebra g, Loday L3 ] has de ned a non-commutative, nonassociative product on HL (g) which a ords HL (g) the structure of a dual Leibniz algebra, where dual is taken in the sense of Koszul duality for operads G for homogeneous elements v i . Signs can be used in (2.6) if T(V ) is given a grading. An essential technique for the calculation of HL (g) in the special case of a Lie algebra is the Pirashvili spectral sequence P] which uses H Lie (g) and H Lie (g; g 0 ) to glean information about HL (g). In P], Pirashvili provides the details for Leibniz homology. Here we outline the construction for cohomology and show that Loday's product is de ned on the ltration which yields the cohomology spectral sequence. To begin, let g be a Lie algebra and de ne n (g) to be the real vector space of skew-symmetric (alternating) homomorphisms g n ! R. If g has a topology, then all morphisms are taken to be continuous. For 2 n (g), it is evident that (g 1 ; : : :; g i ; : : :; g j ; : : :; g n ) = ? (g 1 ; : : :; g j ; : : :; g i ; : : :; g n );
and (g) is the cochain complex for H Lie (g). We have a short exact sequence 0 ? ! (g) ? ! C (g) ? ! C (g)= (g) ? ! 0; where C n (g) = Hom R (g n ; R). Clearly 0 (g) = C 0 (g) and 1 (g) = C 1 (g where g; h 2 g and 2 g 0 . Let n (g; g 0 ) denote the vector space of skew-symmetric homomorphisms : g n ! g 0 . Thus, (g; g 0 ) is the cochain complex for H Lie (g; g 0 ).
There are inclusions of cochain complexes i 1 : n+1 (g) ! n (g; g 0 ); i 2 : n (g; g 0 ) ! C n+1 (g) given by ? i 1 ( )(g 1 ; g 2 ; : : :; g n ) (g 0 ) = (?1) n (g 0 ; g 1 ; g 2 ; : : :; g n ) ? i 2 ( ) (g 0 ; g 1 ; : : :; g n ) = (?1) n (g 1 ; : : :; g n )(g 0 ):
Note that i 1 has occured as var in (2.3), and i 2 allows us to consider an element of n (g; g 0 ) as an element of C n+1 (g) which is alternating on the last n tensor factors of g (n+1) . The short exact sequence 0 ? ! (g) ? ! ?1 (g; g 0 ) ? ! CR (g) 2 ' H Lie (gl n (R)) ? R P 1 ; : : :; P n ]=I ; where R P 1 ; : : :; P n ] is the polynomial algebra with deg(P j ) = 2j, and I is the ideal of R P 1 ; : : :; P n ] generated by polynomials of degree greater than 2n. Moreover, letting H Lie (gl n (R)) = (u 1 ; u 2 ; : : :; u n ); for certain generators u i with deg(u i ) = 2i ? 1, the di erentials are determined by d 2r (u r ) = P r ; r = 1; 2; : : :; n: 2.13 Corollary. Gb] We have H i Lie (W n ) = 0 for 1 i 2n and i > n 2 + 2n.
2.14 Corollary. Gb] The Vey basis for H Lie (W n ) is given by the monomials u i 1 u i 2 : : : u i r P j 1 P j 2 : : : P j s ; where 1 i 1 < i 2 < : : : < i r n; 1 j 1 j 2 : : : j s n; j 1 + j 2 + + j s n; i 1 + j 1 + j 2 + + j s > n; i 1 j 1 :
The above monomial is then in degree 2(i 1 + i 2 + + i r + j 1 + j 2 + + j s ) ? r:
The Certainly f 2 = 0 in HL (W 1 ), since HL 6 (W 1 ) = 0, but also since f 2 2 F 4 (the fourth ltration degree), and H (F 4 =F 5 ) = 0: We now show that h h is represented by h 2 (Loday's product) in HL (W 1 The proof of this requires four cases as in (2.11) and the fact that no permutation shu es a factor into the rst tensor position, where h is not alternating. (See (2.4) for the formula of the shu es.) Thus, h 2 ? h h = 0 in E 1 and in HL (W 1 ). By a similar argument, h(hh); h h 2 ; and h h h represent the same element in HL (W 1 (W n We conclude with a few words about products zx, where x 2 Im(var), and either z 2 coker(var) or z 2 Im(var). For n = 2, the smallest non-zero dimension of x is 5, and the smallest ltration in which z could lie is F 4 . Since zx 2 F 9 , and all non-zero elements of HL (W 2 ) are in ltration degree at most 7, we conclude that zx represents zero in HL (W 2 ). For n = 3, the smallest non-zero dimension of x is 7, and the smallest ltration degree of z is 6. Although HR 13 (W 3 (W n 
